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Introduction

In recent years a general algorithRestricted Maximum Likelihood (REMLjas been
developed for estimating variance parameters in linear mixed models (LMM).

This manual will review classic statistical technigues (ANOVA REGRESSION) and
demonstrate how LMM (REML) can be used to analyse normally distributed data from
virtually any situationFor balanced dat&REML reproduces the statistics familitr those

who useANOVA, but the algorithmis not dependent on balance.dllows for spatial and/or
temporal correlations, so can be used for repeated measures @ofidhted datalnlike
ANOVA, REML allows for changing variances, san be used in experiments whsmme
treatmentsfor exampledifferent spacings, crops gming over time treatments that include a
contro) have a changing variance structureThe statistical package GenStat is used
throughout. The current version is 13, although the analyaesgenerally bgerformed

usingthe Discovery Edition released iQ20.

We have not separated the LMM (REML) section from ANOMAhis manual The reason

is clear. ANOVA is an appropriate analysis for a model

Yield= mean+ fixed effects- randomeffects

where the randonerror terns are normal, independent, each wittnstant variance. This
model includes simple random sampling (there are no random effects), regression, t tests and

analysis of variance F tests.

LMM (REML) is also appropriate analysis for a model

Yield= mean+ fixed effects- randomeffects

where the radom error terns are normal, possibly correlated, with possibly unequal

variances. The algorithm does not insist on balanced data, unlike ANOVA.

In general, data frortwo familiar text books will be used as examples. The editions we used

are the following.
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Snedecor, G.W. and Cochran, W.G. (198Bjatistical MethodsSeventh Edition. Ames
lowa: The lowa State University Press.

Steel, R.G.D. and Torrie, J.H. (198®¥inciples and Procedures of Statistics: a Biometrical

Approach Second Edition. New York: BGrawHill Kogakusha.

Several examples were kindly supplied @yrt Lee Agro-Tech, Inc., Velva, North Dakota,
USA). Other sources for data include:

Cochran, W. and Cox, G1957). Experimental Designs. Second Edition. Wiley 1957.
Diggle, P.J. (1983)Statistical Analysis of Spatial Point Patterns. London: Academic Press.

McConway, K. (1950). Statistical modelling using GENSTAT / K.J. McConway and M.C.
Jones, P.C. Taylor. London : Arnold in association with the Open University.

Mead, R. and Curnow, R.N1990). Statistical methods in agricultural and experimental

biology. Chapman and Hall, London.

Pearce, S.C. (1976Field experimentation with fruit trees and other perennial pl&#sond

Edition. Farnham Royal: Commonwealth Agricultural Bureaux
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Biometry N. Lange, L. Ryan, L. Billard, D. Brillinger, L. Conquest and J. Greenhouse
(editors), 211228. New York: John Wiley.
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soil sciences.
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Biological Researchrhird Edition. New York: W.H Freeman and Company.
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Estimation and modelling

Whenever we conduct an experiment, no matter how complex, the analysis we perform
always relates to way we set up the experiment: if we vary our methods, we vary the type of
analysis we perform.

Moreover, the analysis we perfoigialwaysassociated witlan underlying modehat
involvesanyfactors in the experiment amicludes any random terms (like experimental
error).

In this manual we will demonstrate these concepts starting from the most simple random
sampling, and show that linear mixed modéesIM) with aresidual maximum likelihood
(REML) algorithm is a general model with an associated analysis that includes regression
time seriesand analysis of variang@NOVA) as special cases.

Random samples from a single treatment or group

Example 1  Coefficients of digestibility of dry matter, fed corn silage, in percent (Steel and
Torrie, page 93) fed to randomly selecsteep

Sheep  57.8 56.2 61.9 54.4 53.6 56.4 53.2
We are clearly interested in estimating theancoefficient of digestibility for sheep
hoping that these = 7 randomly chosen sheep are representative of the entire population. We
are also interested in estimating tlaiation in coefficients of digestibility, expressed say as
a variances?.
Assume now that the coefficient of digestibiliy,is normally distributedig Y ~ N(m s?).
Then the simple model is that for each randomly chosen siteepefficient of digestibility
will differ from the mean valuenonly by a random amount, whichvughat we call the error.
The errors for the 7 sheep are all assumed independent,
The model for this random strategy is simply

Y = ooefficient of digestibility: m+ Error

whereError ~ N(0,s?). The parametanis a fixed parameter, and the paramsteis the
only parameter in the random part of the model.

Immediately we have a special case of a general model
Y = fixedparameters+ randomeffects

where the only fixed parametems Alternatively, we can pulinout and express the model
as

Y = m+ fixed effects+ randomeffects
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where in this case there are no additional fixed effects§lissible breed effects which
make the mean coefficient of digestibility different across breeds).

Maximum likelihood (ML)

Parameters of distributions are often estimated using the techniqeiaium likelihood
(ML) estimaton. This technique maximizeshat is known as the likelihoothough it is
equivalent, and often easier, to maximitze loglikelihood. For the normalgpulation the
likelihood ofa random sample of sizeis simply the product of the density functiohthe
normal distributiorevaluated at each of the data points. Thelikejihood is therefore

logL = —2In(2 6)5 Ea aeY—mE

i=1 C

It is straightforwardmatrematically)to show that the ML estimators ofands? are

, ANy
i =y, S = —— 5.

n

Maximum likelihood estimators do not necessarily have optimal ssaadpble properties. It is
true that the ML estimate sf is biased, in the sense that the mean over repeated sampling
settles down on the value-{)/n x s? rather than os? itself.

For these datahe ML estimates aréa 56.21¢4, 5% =7.727, s,= 2.780

Early monographs such as Steel and Torrie and Snedecor and Cochran introduced the idea of
estimating parameters like the meaand standard deviatiaof a normal population

without reference to the conceptraiximum likelihood They used as a divisor of the

variance estimate rather thamX). To justify this, they talk about bias or sampling with and
without replacement. Some authors talk about usiag the divisor when calculating the
populationvariance andn-1) when calculating theamplevariance. Indeed, scientific

calculators have, andsn.; buttons. Excel has VARP and VAR formulae for the two sorts of
variances (which we labef and 7,

respectively), and STDEVP and STDEV ?Flltglgglt:umn St Willmes e
for theequivalent standard deviations. Bt savabes |Sheed
- Groups: |
GenStat has a menatéts > Distributions L
. . . . , Diztribution
> Fit Di s)that alowsivarioss  Diccrste & Confinuous
distributions to be fitted to data.
Maximum likelihood estimation is used Normal =
in this menu to fit the parameters of theseg Number of Classifin 3
distributions. As can be seen, one simply . g Browps
indicates the data to be used and selects Limits: |
the dlstr_lbgtlon to be fitted. Thg r_lumber B Options... C e |
of classifying groups and the limits are
optioral (for controlling the number and E ““’| X-| | Caneel Defaults
positions of cu{points).

2
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Fit continuous distribution

Sample statistics

Sample Size 7

Mean 56.21

Variance 9.01

Skewness 0.84

Kurtosis -0.56

Quartiles:
25% 50% 75%
53.6 55.4 54.0

Summary of analysis

Observations: Sheep
Parameter estimates from individual data values
Distribution: Normal (Gaussian)
X distributed as Normal(m,s**2)
Deviance: 0.21 on 0 d.f.

L ML estimate oim

" ML estimate ofs

Estimates of parameters

estimate ‘e. correlations
m 56.2143 ‘0510 1.0000
s 2.7798 0.7435 0.0000 1.0000

Residual maximum likelihood (REML)

The idea of esidualmaximumlikelihood (REML) is only a couple of decades old. The idea

is this:

We take the likelihood and partitianinto two components. The first component is a
likelihood ofone or more statistics and invohasfixed parameters liken(and may involve
variance parameters as well). The secomuponent is aesiduallikelihood andinvolves
only thevariance parameterd therandomeffects We then maximize each component
separatelyThe estimates of the variance parameters are known as REML estimates.

For samples from a normal population, the first component turns out e tikdlihood for
the sample meay, the second likelihood is that of variates associated withaimple

variance. Specifically,

110G -1 dea, & - —= —1 1¢*, -11& -B —

T T

involvesm(and, unimportantlys) involvess only (notm

The separate solutions are
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C———————

é(Yi- V)

= Sy .
ﬁEML n-1 1 =

Thus, the familiar estimate fef is actually a REML estimates® , =9.015, and this

estimate isinbiasedFor more complex models, the REML estimate is less biased than the

ML estimate.

For the sheep data, REML estimates are available using theSwent Mixed Models (REML)
>Li near Mi x eldthisimenulGeraStat will always fit a constasmnt (r) and, if you do
not include an error term, it will add one for you. Simply etitercoefficient of digestibility

column as the-variate and leave th€ixed Model andRandom Model blank. We need to click
Predicted Means in Options, and as a generalle, clickDeviance as well.

Linear Mixed Model Options LéJ
Dizplay
AL ied Model v tdodel r v “wiald Tests
] (near e oaes . W ‘ariance Components ™ Covariance Maodel [T Mizsing value estimates

Allable el LRt Sheep [~ Estimated Effects [~ Variance-covariance Matris [~ Manitoring

S Fiwed Model: ¥ Predicted Means [™ Deviance

Random Model:
W Standard Errars Method for calculating F-statistics:
" Differsnces * Estimates ,ﬁ
- automatic hd
Initial W alues... (Al Differences (Al Estimates
Spline Model: [~ LsDs 3

Operators:

+ - |nteractions: M tadel Terms for Effects and Means: | Tems...

E {Fixed bodel Only) Model Options Optimization method

/ [™ Estimate Miszing Data Values ¥ a)

. - [ Include Units with Missing Factor Yalues ™ Fighi i

N Fiun | Options. .. | IENEM £COnng

[# Estimate Constant Term ’7
ﬁ | K Cancel | Defaults | [v Covariates Centred to Zero Mean
M aximum iterations: 20

ﬁ ak | Cancel | Defaults |

REML variance components analysis

Response variate: Sheep
Fixed model: Constant
Number of units: 7

Residual term has been added to model

REML estimate of?

Sparse algorithm with Al optimisation

Residual variance model

Term Factor Model(order) Parameter Estimate s.e.
Residual Identity Sigma2 9.015 5.205

Table of predicted means for Constant | ML/REML estimate ofm

56.21 Standard error: 1.135 <— ge of mean = éh - uses REML estimate &f
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Noticein the output h a Residaal tefim has been addedtomodeld . We can del i ber a
error term if we wish (for example, if we decide to include a correlation into our model). For

a sample of siza there aren error terms, each being independent with the same distribution,

N(0, s%). We therefore need to set up a factor that contalegels corresponding to the

datavaluess n t his case we would set up a factor <c
Replicate and useRreplicate as theRandom Model. Alternatively GenStat hasrain-built device

to do this: simply typ&units* in theRandom Model.

Deviance

Selecting the optiobeviance produces this additional information:

Deviance: -2*Log-Likelihood

Deviance d.f.
21.14 5

Note: deviance omits constants which depend on fixed model fitted.

Deviance plays the role that tResidual S$lays in ANOVA. The deviance that GenStat
prints out is proportional te?xLogL, where LogL is the lo@ikelihood o the variance
components. (The actual definition actually has the conspargrdoved):

Deviance really is only used to compare moaéisre the null hypothesis involves the
variance parameter of a random efféksymptotically, achange in deviancir one (nested)
model compared to a larger mod@lows ac? distribution,and the degrees of freedom to
use are thehange in dfThe nested model arises by replacing in the larger model the new
parameters thatregiven in the null hypothesis.

Correlated samples

Using a REML algorithm in experiments involving fixed effects and random effects is not
restricted to independent datatodata with the same variance in any one stratum. It is an
extremely flexible estimating tool, and has beconeestiandard way of analyzing data from
agricultural trials.

This manual is not a place to describe in great detail the concepts of correlated data over time.
At this point all we want to do is demonstrate that very often we need to analyze data that is
seially correlated.

A good example to illustrate serially correlated data is the famous beaver body temperatures
taken every 10 minutes, taken fra@ase Studies in Biomettiiangeet al 1994) A plot of

these temperatures for a single animal is shownefethhand page, and for comparison, a

plot of notional temperatures randomly sampled from a normal distribution at each time with
the same mean and variance as the overall béavgreraturebad. It is clear that there is an
essential difference betwe#re two plots.
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Plot of temperatures of a single beaver every ten minutes

376 Temperatures of a single beaver plotted against time
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Notional plot of temperatures of beavers randomly selected every ten minutes

376 Typical pattern of temperatures plotted against time
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To emphage the differenceven morestrongly here are plots of the temperatures at time
plotted against the temperatures at tirie

Temperatures of a single beaver against previous temperatures

37.6 - .

37.4 -
o
C37.2 - e ¢ $o i
o . .
2 37.0 - o PR
: sy
2 36.8 - . e %
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L J
36.4 - e
36.2 T T T T T T

36.2 36.4 36.6 36.8 37.0 37.2 37.4 37.6

Previous temperature (°C)

Temperatures of random beavers against previous temperatures
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Thetemperaturesf a single beaveare clearly correlated in timgve call this aserial
correlation The model is the same as the previous model for coefficients of digestibility,
only the assumptions underlying thedel are different:

Y = Temperature of a beaverm+ Error

whereError ~ N(0,s?), however some correlation structure exists among the individual error
terms. This is the subject tilne series analysis
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Time series plots for keaver data

Sample values of time series: Temp_Beaver
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Time series plots forrandom datawith same mean and standard deviation

Sample values of time series: Temp_Random
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Example 2 Tempeantures of a single beaver taken every 10 minutes (left to right)

3633 36.34 36.35 3642 3655 36.69 36.71 36.75 36.81 36.88
3689 3691 3685 36.89 36.89 36.67 3650 36.74 36.77 36.76
36.78 36.82 36.89 36.99 36.92 3699 36.89 3694 36.92 36.97
3691 36.79 36.77 36.69 36.62 36.54 36,55 36.67 36.69 36.62
36.64 3659 36.65 36.75 36.80 3681 36.87 36.87 36.89 36.94
3698 36.95 3700 37.07/ 3705 3700 3695 3700 36.94 36.88
3693 36.98 3697 36.85 3692 3699 3701 37.10 37.09 37.02
3696 36.84 3687 36.85 3685 3687 3689 3686 3691 37.53
37.23 37.20 * 3725 3720 3721 3724 3710 37.20 37.18
3693 36.83 3693 36.83 3680 36.75 36.71 36.73 36.75 36.72
36.76 36.70 36.82 36.88 36.94 36.79 36.78 36.80 36.82 36.84
36.86 36.88 36.93 36.97 37.15

There are various ways that we can model this correlation structure. In time series literature,
they define autoregressive (AR) models, moving average (MA) models, combinations of
these known as ARMA models for data, or ARIMA models for differenceata hlues.

It is not always easy to identify which structure to
use for a given data set. Twygpes of correlations
are helpfuiin deciding on a particular structurehe
set of these is known as thatocorrelationfunction
(ACF) andpartial autocorrelationfunction(PACF).

UsesStats > Time Series > Data Exploration

Beaver Randon|Beavel Randon
Unitt ACF | ACF | PACF| PACF
1 1 1 1 1

2 0.802| -0.117 | 0.802| -0.117
3 0.663| 0.151 | 0.055| 0.139
4 0.527| -0.036 | -0.053| -0.004
5 0.463| -0.021 | 0.115| -0.047
6
7
§

Theautocorrelationr; is thesamplecorrelation
between successive paokdata, {Y;, Yi.1}, lagged
by one time period.

0.353| 0.149 [-0.130| 0.153
0.245| -0.063 | -0.089| -0.026

Theautocorrelationr; is thesamplecorrelation
between successive pairs of datd, ..}, lagged

by two time periods, ¢é [an&0.163 0448 |-0.0lr] OP9n e r
autocorrelations. 9 0.085| -0.107 | -0.030| -0.068

10 0.061| 0.0%0 | 0.077| 0.005
Thepartial autocorrelationr, ; is thesample 11 0.027| -0.074 | -0.024| -0.066
correlation between successive pairs of data, 12 -0.004| 0.029 |-0.026| 0.024
{Y:, Yi2}, adjusted for the effectf .. It is like 13 -0.004| -0.023 | 0.075| -0.042
performing a regression &f on Yi4, saving the 14 0.009| -0.046 | 0.013| -0.031

residuals and calculating a correlation of these with| 15 0.036| 0.061 | 0.046| 0.039
Yi. This is extended to higherder lag as well. As 1d 0.056| -0.037 1 0030 | 0.021

a starting point it is conventional to defing asr;, 17 0.039] -0.029 | -0.103| -0.074
the first autocorrelation. 19 0.015| 0.041 |-0.042] 0.071

, " 19 0.029| -0.025 | 0.076| -0.011
Both AC and PAC functions have specific forms for[ 54 0044 0068 | 0.002| 0051

the different types of correlation structures.

For the beaver data and the random temperature data, the ACF and PACF values are obtained
as follows. Selectime Series > Data Exploration and the data to be investigated. In Options,
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chooserartial Autocorrelation Functions if these are required. The deft should include
ACF and PACF plots.

ACF and PACEF plots for beaver temperatures and random temperatures are given on the left
hand page for the first twenty lags. The horizontal lines on each plot are confidence bands
around zero values.

There is clarly a difference. For the beaver data, the ACF declines steadily while the PACF
values are basically zero (note that, by definition;lagprrelations are unity). For the
random data, both ACF and PACF functions are zero.

In this manual we will mentiothree correlation structures that are commonly used in
biological sciences.

a) Uniform correlation model

This model says that the correlation between two data values is the same irrespective of the
time or distance between them.

o) .
” E ” ”
. . . - n’ sp 2 ﬁ’
The uniform correlation nex looks likey & E é 8
" ” E ,,p
o PO

A uniform correlation structure applies, for example, whenever blocks are assumed random
in a randomized block design. This means that the yields in a block are all uniformly
correlated which often is éss than satisfactory. More likely, plots closer together are more
highly correlated than plots far apart.

It is the only correlation structure that allows a spldt ANOVA to be used validly for units
in an experiment that are repeatedly measurécm

b) AR1 or power model

This model says that the correlation between two data values declines exponentially with the
time or distance between them. When time intervals or distances between plots are equal, the
model is described as an AR1 model with correlatigns, r*r*,  &he power model is

more general, with a correlation ofbetweerobservations units apari the units can be
unequally spaced.

Data that follow an AR1 model are basically made up as follows.

Theobservation at timeis linearly relatedo thatat timet-11 this is a lag 1 process

Mathematically: Y: = m+ f1 (Y1 - M +independent errqr

where in this modet = 7.

10
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I . &y
A " nooom = &
The AR1 correlation matrix looks Iikér:;' ” Top ::
a7 TTp ¥
é E &
o E o

The beaver datappears tdollow an AR1 processincethe pattern of autocorrelatiors

(approximately)0.8, 0.8=0.64, 0.8=0.51, 0.8=0.41,0.8=0.33,0.8=0.26 , é. T
3

pattern is 0.8, 0.66, 0.53, 0.46, O0.

c) AR2or lag 2model

For this process thdependent error depends only on the prewwaslependent errors:

he act L
5, 0. 25

The observation at timedepends only on thgrevioustwo observatios, thoseat timet-1
and & timet-2.

Mathematically: Yi=m+ f1(Ye1 - M) + F2(Ye2 - M) + independent errqr
where in this modehe correlationsare 7 ¥p £ ,” f f¥p £ ,é
Theformulae for the highelag correlations in thAR2 correlation matrixoecome more

complex. Suffice to say that the AR2 sequence,, r3rs, € decl i nes
the AR1 sequence, 7% r*r*,  é .

Deciding on a correlation structure

somewhai

Generallywe do not have a long run of correlated data, so time series devices that assist us to

choose the most appropriate correlation modelineailable.

Since correlations are some of the parameters of the random effects, we daangsein
devianceto test whether some are zero or not.

In the AR2 model, setting, = 0 produces an AR1 model.

In the AR1 model, settingy = 0 produces amdependent model.

We cannot companmgniform and AR1 models, since no valuerah the AR1 structure leads
to a uniform correlation matrix. However, since a minimum deviance is associated with a

maximum likelihood, the model having the smaller deviasagarth exploring. General

ly,

we support the choice by an investigation of the residuals: if the chosen model is appropriate,

there should be no remaining trendhe residuals.

11
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Time Series analysis of beaver data

Output series: Temperature Noise model: _erp
Residual deviance =1.087 Estimate of théndependeneérror
Innovation variance =0.009569 ———— component of the model
Number of units present =115 X X
Residual degrees of freedom =112 Estimate of theorrelation
between two temperature|
10 minutes apart
Summary of models P
Orders: Delay AR Diff MA Seas
Model Type B P D Q S
_erp ARIMA - 1 0 0 1
Parameter estimates
Model Seas. Diff. Delay Parameter Lag Ref Estimate t
Period  Order
Noise 1 0 - Constant - 1 36.8489 0.0826 446.26
Phi (AR) 1 2 0.8968 0.0473  18.96

REML analysis of beaver data

Assume an ARL1 stationary model for temperature. We can use change in deviance to test this
model, namely

Temperature= m+ g independent model for therrors

against the ARXorrelated model

Temperature=m+ f, g, + & AR1-correlatednodelfor the errors

Note that the estimates wil/l be slightly dif

Series menu. LMM (REML) useldEML rather than ML to estimate the variance parameters.

For theindependenmodel, we leave theixed Model blank (there is no predictor variate, just
an overall mean which GenStat adds automaticallyg¢.Random Model consists of a factor

to identify the n units, so we could set up our owhservation factor (withn = 115 levels), or
just use the kbuilt 6 * U n, iott just leave it blank (since GenStat will add an independent
error term for us). However, in order to set up a correlation structurevietevill add
Observation at this stage.

For thedependeninodel, weagainleave therixed Model blank (there istill no predictor
variate). TheRandom Model consistf a factor to identify thelependentinits €,_,; we use

the factorobservation anddeclare an AR1 structufer this. Note that we could also set an

AR2 structure (which assumes that the temperature at tiegends directly on the previous
two temperatures) and test whether this more complex model is statistically better than the
AR1 model. Unfortunately for this example the mathematical algorithm does not converge
for the AR2 model.

12
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=101 x|
Available Data: Y ariate: ITempefatu,e
Temperature Fized Model: I
Handom Model: IUbservation
Linear Mixed Models - Correlated Errors x|
— Correlated Error Models — { = Correlated Error Temms... I

‘ I
lAII interactions. _'_]

T\
— Construction
& Direct Prodict | oK I Apply l ptions... I Save... | Further Dutput... I
* Direct Pro
" Whole Tem Cancel I Help I Defaults I Predict... |

Observation

Ma order 1
M order 2

The deviancefor the two modelsire as follows. Cleaylthe AR1 model is superido the
independent error model

Model deviance d.f. change in devianc change in d. P-value
Identity -253.5¢ 112
ARl -411.2: 110 157.61 2 <0.001

To maximize the explanat i o0n Covananc&ModeSritleet 6 s

LMM (REML) Options.

REML variance components analysis

Response variate: Temp_Beaver

Fixed model: Constant

Random model: Observation + *units*

Number of units: 114 (1 units excluded due to zero weights or missing values)

"units* used as residual term

Covariance structures defined for random model

Covariance structures defined within terms:

Term Factor Model Order No. rows

Observation Observation Auto-regressive (+ scalar) 1 115

Estimated parameters for covariance models

Random term(s) Factor Model(order) Parameter Estimate s.e.
Observation Observation  AR(1) phi_1 0.9337 0.0472
Scalar 113.4 218.2

13
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Note: the covariance matrix for each term is calculated as G or R where
var(y) = Sigma2( ZGZ'+R ), i.e.  relative to the residual variance, Sigma2.

Residual variance model
Term Factor Model(order) Parameter Estimate s.e.
*units* Identity Sigma2 0.000580 0.0010881

Estimated covariance models

Variance of data estimated in form:
V(y) = Sigma2( gZGZ' +1)

where: V(y) is variance matrix of data
Sigmaz2 is the residual variance
g is a gamma for the random term G is the covariance matrix for the random term
Z is the incidence matrix for the random term | is the residual (identity) covariance matrix

Note: a gamma is the ratio of a variance component to the residual (Sigma2)
Random Term: Observation

G is a single matrix
Scalar Sigma2*g: 0.06575

Factor: Observation
Model : Auto-regressive

Covariance matrix (first 10 rows only):

1 1.000

2 0.934 1.000

3 0872 0.934 1.000

4 0814 0.872 0.934 1.000

5 0760 0.814 0872 0.934 1.000

6 0710 0.760 0.814 0872 0.934 1.000

7 0663 0.710 0.760 0814 0.872 0.934 1.000

8 0619 0663 0710 0.760 0.814 0.872 0.934 1.000

9 0578 0619 0663 0710 0.760 0.814 0.872 0.934 1.000

10 0539 0578 0.619 0.663 0.710 0.760 0.814 0.872 0.934 1.000

1 2 3 4 5 6 7 8 9 10

Residual term: *units*'
Sigma2: 0.0005800

| is an identity matrix (114 rows)

Deviance: -2*Log-Likelihood
Deviance d.f.
-411.23 110

Table of predicted means for Constant
36.87

Interpretation of the analysis

+ TheREML estimate of (orfi1 labeledphi_1in the output)s 0.9337 the ML time
series estimate was 0.89@8us, theAR1 modelassumes that the correlations between
the temperatures ar@.9337%° = 0.872 for twounits oftime apart, 0.933%° = 0.814for
threeunits of time apari(0.9337%* = 0.760for four units of timeapart,(0.9337%° = 0.710

14



/ S}ATS O Statistical Advisory & Training Service Pty Ltd

e

for five units of timeapart, and so on. These values form the covariance matrix printed
above.

The scalar 113.4 is multiplied by tieariarce estimate0.000580giving 0.066as the

REML estimate of the variance of any temperature at a particular time pbistis

confirmed in the outputSgalar Sigma2*g: 0.06575). This is the variance of thiependent

error term in the model.

In the timeseries output, this needs to be reconstructed from the properties of the time

series For the assumptions to wotkge finnovative varianoe , i .e. the varian
independent error componethirns out to be

variance(independent error) =i(x ?) vaiance(temperature at tinte

Hence

variance(temperature at tirde= variance(independent error) /i(x %)

which is estimated as 0.0095694B968) = 0.049. Remember this is a ML estimate.

The estimatedREML model is

Temperature = 36.87+ 0.93F€_, + &

= 36.87(10.9337 + 0.933&Temperaturg, + e.1
= 2.444+ 0.933 & Temperaturg + e.;

Thus, the temperature at tirhes approximately 2.444°C 6.9337timesthe temperature
at timet-1.

15
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C———————

Simple linear regression

Example 3  Yields of potatoes receivingariousamounts of fertilizer (Snedecor and
Cochran, page 150).

Amoun 0 4 8 12 mean fertiliser= 6.00(
Yield 8.34 8.89 9.16 9.50 meanyield = 8.97:

Thelinear regressiomodel can be expressed eitlasr
Yield= intercept+ slopex Fertiliser + Error

or as
Yield= meanyield + slope(Fertiliser i mean fertilisey + Error

Notice that this model is in the formean+ fixed effectt random effectThe assumptions
made when using a regression ANOMAdependennhormally distributed errors with

constant variance) fit within a LMM (REML) framework, and hence the analyses should be
identical.

It is the second form of the model that GenStat has as the default in its LMM (REML) menu.
To obtain the firstdrm, go intoOptions and untickCovariates Centred to Zero Mean. You

should also clickoeviance and, for regression, thestimated Effects (that is, mean Y and

slope,or intercept and slope respectively).

M spre... | = || = || 22 | B Linear Mixed Models == &=
Row | amount | wie1d |+ Awailable Data: W ariate: |Yie|u:|
Amount !
1 B 8342l || fviea Fised Modek Emount
2 4 §.89 Random Model: |'“L|nits“'
3 & 9.6
4 12 9.5 Imitial % alues. . R}\ Correlated Erar Terms... ‘
Linear Mixed Model Opticns ¢ V&J
Dizplay
v Model u W wWald Tests ﬂ
W %ariance Components [~ Covariance Model [ Missing value estimates
v Estimated Effects [ Wanance-covariance Matrix [ Maoritoring
N i v Deviance |
W Standard Erors Method for calculating F-statistics:
* Differences (" Estimates | — J
automatic - .
" Al Differences (" AllE stirmates AS aIways,'*Umts*'
™ L5Ds 5 canbe ignored (a
ol T for B " | residual term is
odel Terms for Eftects and Means: T .
"1 added in anyway)
Maodel Optionz Optimization method unless you need to
[ Estimate Missing D'ata Values o Al
o 2 correlate the error
[ Include Urits with Mizzing Fachor Y alues ™ Fisher scoring t
¥ Estimate Constant Term I— erms
¥ Covanates Centred bo Zero Mean
M awirnunn iterations: 20 ‘ I
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Regression analysis

Response variate: Yield
Fitted terms: Constant, Amount

Summary of analysis

Source d.f. S.S. m.s. V.I. F pr.
Regression 1 0.70312 0.703125 82.00 0.012
Residual 2 0.01715 0.008575
Total 3 0.72028 0.240092

Percentage variance accounted for 96.4
Standard error of observations is estimated to be 0.0926.

Estimates of parameters

Parameter estimate s.e. t(2) tpr.
Constant 8.4100 0.0775 108.55 <.001
Amount 0.0938 0.0104 9.06 0.012

REML variance components analysis

Response variate: Yield

Fixed model: Constant + Amount
Random model: *units*

Number of units: 4

"units* used as residual term

Residual variance model
Term Factor Model(order) Parameter Estimate s.e.
' *units* Identity Sigma2 0.00858 0.008575

Deviance: -2*Log-Likelihood
Deviance d.f.
-1.75 1

Wald tests for fixed effects
Fixed term Wald statistic n.d.f. F statistic d.d.f. F pr
Amount 82.00 1 82.00 2.0 0.012

and,for the defaultCovariates Centred to Zero Mean:

Table of effects for Constant
8.973 Standard error;: 0.0463

Table of effects for Amount
0.09375 Standard error: 0.010353

If Covariates Centred to Zero Mean is unticked

Table of effects for Constant
8.410 Standard error: 0.0775

Table of effects for Amount
0.09375 Standard error: 0.010353

17
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So LMM (REML):

+ produces the sanfestatistic(82.00) as regression produces for the ANQs&led v.r.
in that analysis);

+ produces the same line of best fit
Yield= 8.410 + 0.09375 Fertiliser
or equivalently
Yield=8.973 + 0.09375 (Fertiliser 7 6.0)

The mean amount of fertilizer (6.0) is not part of the REML output, it needs to be calculated
separately.

18
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Unpaired t testi special case of a onway treatment design (no blocking)

Example 4 Coefficientsof digestibility of dry matter, of sheep and stefexs corn silage,
in percent (Steel and Torrie, page 93

Shee} Steer:
57.8 64.2
56.2 58.7
61.C 63.1
54 .4 62.5
53.€ 59.¢8
56.4 59.2
53.2

mear 56.21 61.25
sd 3.0C 2.83

The first decision to make is whether you are
prepared to believe that the two population
variances are equal. There is a variance ratio tegtdata:
for this, but this test relies very heavily on the data
being normally distributedso use it with care.
Unless pu change the default @ptions, GenStat

Totest K s? = %for normally distributed

F =

obs

~ F variable with f;-1) and (y-1) df

A

does thd- test for you.

If the test does not fail, then the unpaiteedst is used to test the meawgh

sed= /s§§é+i anddf=(n-1) {n, 3. Here,i isaweighted average of the two
chh

treatment variances (see Appendix).

If the test does fail, theamnapproximate test is used to test the

2
meanswith sed= i+§ . The degreesf freedom are >
n n df= =

e
é
é
. , é

calculated from théormulaalongsideif the two sample variances é(q2 /n
€
€

are close, thapproximatedf are close tor(;-1)+(n,-1). When the
two sample variances are different, #pporoximatedf will be
closer to thalf associated with the larger variance.

To analyse the data, uSeats > Statistical Tests > One- and two-sample t-t e s t. &énStat

allows the data to be organizeitherin separate columns for the separate treatments, or

one combined dateolumnplusa factorcolumnto identify whichobservatioreachtreatment
belongs to. Since this is a special case of a more general design, we chose to illustrate the
latter approachsee the output on the left hand page

For the coefficients of digestibility of dry matter,

+ there isno evidencg¢P=0.580) that the population variances ao¢equal

+ there is strong evidenc®£0.007)that the population means are differeteers have
coefficients ¢ digestibility that are, on average,0% higher than for sheep. We are 95%
confident that the trueifferenceis between 1.7% and 8.4%.
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GenStatodos unpaired

t

t

est procedure

= - Bl [[= = 2] 2 77
Row | Sheep | Steers + Row |! Treatment |Digestibility Available D ata: Test:
1| &§7.8 64.2[ =] 1 57.8 Two-sample (unpaired) j
Z| 96.2| %58.7 Z|Sheep 96-2 Data Set: [Digestitiity
3 61.9 63.1 3| Sheep 51.9
4l 51.4| 62.5 a|Sheep 54.4 Erppes |Treatmert
5| NG 59.8 5|Sheep 53.6 Corfidence Limit (%] ,795
6 6.4 59.2 b6|Sheep J6.4 D ata Arrangement Type of Test
7 53.2 * Zlsheen S3.2 ™ Two Sets " One-sided [y < yZ]
? ||7 4 | 3 F g|Steers [T * ™ One set with Groups ™ One-sided [v1 > y2]
a|steers 58.7 " Two-sided
Test statistic F =170 onk 4 10|5teers 63.1 Dptions... | S
1l|5teers 62.5
Probability {under null hypot Lzlstoers 9.8 E ﬂﬁ Cancel | Defauls |
13|Steers 59.2
Summal l4|Steers *
vy — | g When we analyse these
V|4 3 . .
' wd  swndaderor | data via ANOVA, this
Sample Size Mean “Wariance deviation of mean ~ . . !
Sheep 7 56.21 9.015 3.002 1134 nmi SSI n g VvV a |
St 5 B1.25 £.299 2.302 0.940 0
BErs cause problemi see later

Two-sample t-test

Variate: Digestibility
Group factor: Treatment

Step 1.GenStat tests

Test for equality of sample variances

Test statistic F = 1.70 on 6 and 5 d.f.

Ho: s? = ZusingF=5/ <.
Here there is10 evidencehat the
population variances ar®tequal

Probability (under null hypothesis of equal variances) = 0.58 (P=0.580).
[

Summary

Standard Standard error
Sample Size Mean Variance deviation of mean
Sheep 7 56.21 9.015 3.002 1.135
Steers 6 61.25 5.299 2.302 0.940
Difference of means: -5.036
Standard error of difference: 1.506

95% confidence interval for difference in means: (-8.350, -1.721)

Test of null hypothesis that mean of Digestibility with Treatment = Sheep

Is equal to mean with Treatment = Steers

Test statistic t = -3.34 on 11 d.f.
Probability = 0.007
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One-way (no Blocking) Model

Apart from individual random errors, the only possible differences in the data can come from

individual treatment effects, leading to a model
Yield= mean+ treatment effect error

With t treatments, there can only bé treatment effects in a model that contains an overall
mean: the effects measure how far a particular treatment is from the overalNo&athat
the general regression model allows factors as explanatory variates. Ald@h&efore just
aspecial case of multiple linear regressiblowever, the model is also a special case of a
LMM, and hence thetest can be performed using ANOVA, regression or LMM (REML).

Regression output

Her e i s GenStsats>Regressian Bnplysis > LindgarMaedels and choosing
General Linear Regression from the drop down selectiomhe model is referenced to level 1
(Sheep), henceconstant is the estimate of theheep mean. The coefficientreatment Steers IS
what you add to theonstant to obtain the mean for the second lewgédrs) and hence is the

difference in meanssfeers-Sheep).

Regression analysis

Response variate: Digestibility
Fitted terms: Constant, Treatment

Summary of analysis

Source d.f. S.S. m.s. V.I. F pr.
Regression 1 81.93 81.927 11.18 0.007
Residual 11 80.58 7.326

Total 12 162.51 13.543

Percentage variance accounted for 45.9
Standard error of observations is estimated to be 2.71.

Message: the following units have large standardized residuals.
Unit Response Residual
3 61.90 2.27

Estimates of parameters

Parameter estimate s.e. t(11) tpr"
Constant 56.21 1.02 54.95 .001
Treatment Steers 5.04 1.51 3.34" 0.007

Parameters for factors are differences compared with the reference level:
Factor Reference level
Treatment Sheep

SameP-value as
that fort test of
means

v.r. =t
11.18 = 3.34

1326 is the
pooled estimate
of variance

Constant iS mean
for level 1Sheep

Difference in
meansds 5.04

sem= 1.02 for
Sheep

sed= 151
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Analysis of Varianceoutput

Usestats > Analysis of Variance. There is a special menu item for this design,vieiprefer
to usethe General analysis of variance. We have also gone @ydons and selecteds.d.s.
Without changing the stacked spreadsheet, the output is as follows.

Analysis of variance

Variate: Digestibility

Source of variation df. (m.v.) S.S. m.s. V.I. F pr.
Treatment 1 88.754 88.754 12.12  0.005
Residual 11 Q) 80.584 7.326

Total 12 @) 162.511

Message: the following units have large residuals.
*units* 3 5.69 s.e. 2.40

Tables of means
Grand mean 58.73

Treatment Sheep Steers
56.21 61.25

Standard errors of differences of means

Table Treatment
rep. 7
d.f. 11
s.e.d. 1.447

(Not adjusted for missing values)

Least significant differences of means (5% level)

Table Treatment
rep. 7
d.f. 11
l.s.d. 3.184

(Not adjusted for missing values)

This is not exactly the sanamalysis becauseavith unequally replicated treatments, if you
leave a row in with m asterisk{) to signify a missing value, GenStat asssyw want to
estimate the missing value. This is rather an old fashioned approacérdéstimateshe
Treatment SS and the resndf variance ratio is therefore too large.

If you really do have missing values, there i2Jahalanced Treatment Structure you can use
in this case(Basically, GenStat analyses the data via regression for you.)

If this is a case of a deliberate choafesample size (for example, these are the only steers
you could get hold of), then a correct analysis is obtained after deleting the row with the

Here are both analyses. The similarities are obvious.
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Unbalanced Treatment Structureoutput

0] Including the row with the missing value, choosindgJnbalanced Treatment
Structure

Analysis of an unbalanced design using GenStat regression

Accumulated analysis of variance

Change d.f. S.S. m.s. V.I. F pr.
+ Treatment 1 81.927 81.927 11.18 0.007
Residual 11 80.584 7.326
Total 12 162.511 13.543

Predictions from regression model

Prediction
Treatment
Sheep 56.21
Steers 61.25
Standard error of differences between predicted means 1.506
Least significant difference (at 5.0%) for predicted means 3.314

(i) Deleting the row with the non-observedvalue, choosingGeneral Analysis of
Variance

Analysis of variance

Variate: Digestibility

Source of variation d.f. S.S. m.s. V.I. F pr.
Treatment 1 81.927 81.927 11.18 0.007
Residual 11 80.584 7.326

Total 12 162.511

Message: the following units have large residuals.
*units* 3 5.69 approx.s.e. 2.49

Tables of means

Grand mean 58.54

Treatment Sheep Steers
56.21 61.25
rep. 7 6

Standard errors of differences of means

Table Treatment
rep. unequal
d.f. 11
s.e.d. 1.506

Least significant differences of means (5% level)

Table Treatment
rep. unequal
d.f. 11
l.s.d. 3.314
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LMM (REML) analysis of one-way design (no blocking)

TheFixed Model is againTreatment. Since there is only one random error term we can ignore
theRandom Model, since as always GenStat allows us to omit the error in the final stratum

it adds it in for us. Tick to obtain deviances and pfedicted means. From Veidier.

values can be selected as well. Missing values/are ignored, as in regression, so the * that may
be in the stacked dataset is simply ignored.

Response variate: Coefficient
Fixed model: Constant + Treat
Number of units: 13 (1 units excluded due to zero weights or missing values)

Residual term has been added to model

Residual variance model
Term Factor Model(order) Parameter Estimate s.e.
Residual Identity Sigma2 7.326 3.124

Deviance: -2*Log-Likelihood
Deviance d.f.
36.64 10

Note: deviance omits constants which depend on fixed model fitted.

Tests for fixed effects
Sequentially adding terms to fixed model

Fixed term Wald statistic n.d.f. F statistic d.d.f. F pr
Treatment 11.18 1 11.18 11.0 0.007

Message: denominator degrees of freedom for approximate F-tests are calculated
using algebraic derivatives ignoring fixed/boundary/singular variance parameters.

Standard error of differences: 1.506

Table of predicted means for Constant

58.73 Standard error: 0.753

Table of predicted means for Treatment

Treatment  Sheep  Steers
56.21 61.25

Standard error of differences: 1.506

Approximate least significant differences (5% level) of REML means
Treatment

Treatment Sheep 1 *
Treatment Steers 2 3.314 *
1 2
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Notice that regression, LMM (REML) and ANOVA (except with the missing unit retained)
analyes givevirtually the same information as thé¢est did.We obtained:

4 the equivalent test statistiE (nstead ot?);

+ the samd>-value for testing the difference between the two means (Q.007)

+ the same estimate of variance (7.326) and hence the same s.e.d. value (1.506)
+ the same means ahd.d.values

An advantage to thitestis thecalculation ofthe confidence interval fdreatment mean
difference(MyeersMinee). With the other approaches you need to add and subtracd.the
value(3.314) to the mean difference (61-26.21) to obtain the confidence intervaAhother
advantage is theefault automatic check on equality of treatment variances, which is a very
important assumption underlying ANOVA. We will demonstrate how tthdoin LMM

(REML) with the nexexample.

An advantage tohte ANOVA approachs thatunusual valuesd standadized residuals

outside the range4, +2))are flaggedIt is also important to routinely examine
(standardized) residual plots
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C———————

Unpaired t testi example of unequal variance$ Sat t ert hwai t eie€ appr oxi

Example5  Fine gravel in soil, in peent (Steel and Torrie, page 107)

Good soi Poor soi Fine_gravel

5.9 7.6

3.8 0.4 .

6.5 1.1

18.3 3.2

18.2 6.5 3

16.1 4.1

7.6 4.7

mean 10.91 3.94
variance 40.1z 6.95 0

Histogram of residuals Fitted-value plot
X
15 4

1.0 4

X X

05

0.0

esiduals

-0.5 4

XX
X

-1.0 4

XX

-1.5 4

Fitted values
Both means and variances in the
two samplesppearto be Norrl plot Half-Normel plt
different. What statistical X x 16
evidence is there that the mean
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(obviously the good soil) has a
larger visual scatter of residuals compared to that for the poor soil. This is a reflection of the
different variances in the two samples.

An analysis in GenStat viatdest results in strong statistical evidende £ 0.020) that the
mean percentages of fine gravel differ. However, the test of equal variantarginal.
GenStat actually proceeds to use the standard unpgdesiibecause technically thetest
does not fail P = 0.05 to two decimals; it is actually 0.0509). We make three points.

+ TheF test depends heavily on normally distributed data, and percentages are unlikely to
be normally distributed, so th&value is somewhat unreliable.

+ Failure to reject in this cads most likely to be caused by the low level of replication.

+ We often make decisions about homogeneity of variance in more complex analyses of
variance from an inspection of the standardized residual plot, rather than a formal test.

As mentioned previaly, the default in GenStat for this test is to allow it to decide
automatically what test to use for the means. To illustrate the approximate procedure, we
overrode GenStat by going into tlaptions meny as shownThe change for an equally
replicated egeriment is only in thef of thet test (and hence in thHevalue). Remember, it is
not an exact t tesHere, thedf used ar@btained from the Satterthaite formula and doser

to 6 than to 12, since the variances are quite different in the sample.
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GenStat output for the automatict test of the fine gravel data

Two-sample t-test

Variate: Fine_gravel
Group factor: Soll

Step 1.Test for

Test for equality of sample variances : :
equality of variances

Test statistic F =5.77 on 6 and 6 d.f.
Probability (under null hypothesis of equal variances) = 0.05

Summary

Standard Standard error
Sample Size Mean Variance deviation of mean
good 7 10.914 40.12 6.334 2.394
poor 7 3.943 6.95 2.636 0.996
Difference of means: 6.971
Standard error of difference: 2.593

95% confidence interval for difference in means: (1.321, 12.62)

Test of null hypothesis that mean of Fine_gravel with Soil = good is

equal to mean with Soil = poor

Teststatistict = 2.69 on 12 d.f.
Probability = 0.020

Step2. Test for
equality of means

a

T-Test Options

Available D ata; Test: Display
Two-zample [unpaired) j v Summary [+ Confidence Interval
Data Set: |Fine_glave| v Test v FTest
Biraups [5ail Estimate of variance [ Random permutation test
" Automatic
Confidence Limit [Z]: 95 ~ Poled
D ata Arrangerment Type of Test * Separate
" TwoSets " Orne-sided [y1 < y2) A
* One set with Groups " Ore-sided (y1 > y2) X k. | Cancel | Defaults |
* Two-sided
Aun | [ Optons. | save.. | Overriding the Automatic procedure,
@& = X Cancel |  Defauks | forcing an unequal varianteest
Difference of means: 6.971
Standard error of difference: 2.593

95% confidence interval for difference in means: (0.9937, 12.95)

Test of null hypothesis that mean of Fine_gravel with Soil = good is

equal to mean with Soil = poor

Test statistic t = 2.69 on approximately 8dg
Probability = 0.028

Change toStep2. Calculates
approximatedf for t test (8
instead of 12) and gives ndw

value
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LMM ( REML) output for two samplet test (unequal variances)
The model for this dataset is as follows.
Fine gravel percentage mean+ soil effect+ error.

There are two competing hypotheses as far as variances are contaméut is that the
variance of the good soil is equal to that of the poor soil. The alternative is that they are
different. Since these are parameters in the random part of the model, we test equality by
change in deviance.

Equality of variances is repsented in the€orrelated Error Terms sulxmenu as amentity

variance matrix. For this matrix, the affagonal elements are all zero, reflecting the absence
of any correlation in the data; the diagonal elements are all unity, reflecting the equality of
variances. The variance matrix is actualfitimes the identity matrix.

Inequality of variances is represented in terelated Error Terms sulbmenu as ®iagonal
variance matrix. For this matrix, the affagonal elements are again zero, reflecting the
absence of any correlation; the diagonal elements are different multipliers, reflecting the
equality of variances. The different variances are obtained by multipdyibyg the diagonal
elements of the variance matrix.

In order to actually access therrelated Error Terms submenu, we need to enter the residual
term ourselvesAs always, the residual term must be a factor that indexes over all the data, in
such a way as the facteoil is present. Then we can set the levels of that factor to have a
Diagonal variance matrix. We therefore need to set Weicate factor to index over the 7
replicates of each of good and poor soil:

¥

FE Spreadsheet [Soil.gsh]* (== ][=] Bl tinear Mixed Models [= @ =]
Row |IReplicate ! Soil Fine_gravel 4| | Avaiable Data: W ariate: W
1 1|Good_soil 590« Fized Madel: [Sai
= 2|Good soil 3.8 Riandom Modek |Replicate. Soi
3 3|Good_soil 6.5
4 4|Good_soil Linear Mixed Models - Correlated Errors &]1 | Baelter) Bie Temms., |
5 5|Good_soil Carrelated Errar Models
& EGood_soil Replicate. Soil: Id x Diag
7 7|Good_soil inns. -]
] 1|Poor_soil
E] 2|Poor_soil
10 3|Poor_soil Corstruction |
11 4|{Poor_soil & Direct Froduct Ok | Apply |
12 5|Poor_soil £ \whole Tem Cancel | Help | — _
13 6|Poor_soil i/50il.gsh
14 T|Poor_soil Replicate |identit_l,J ﬂ
2[4 : :
= so -
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We run the analysis twice, once witfentity and once wittDiagonal and record the deviance
information

Model | Estimates of parameters in model | Deviance | d.f. P
unequal variance| Si.q =40.1 (6df), s, =6.9 (6df) 49.68| 10
equal variance s® = weighted average = 7.326 53.79] 11
change in devianc 4.11 1| 0.043

Here the change in deviance is based on an asymptodiistribution, not the F distribution.
Since we have significance at 5%, we useunequal variance output.

REML variance components analysis

Response variate: Fine_gravel
Fixed model: Constant + Soil
Random model: Replicate.Soil
Number of units: 14

Replicate.Soil used as residual term with covariance structure as below

Covariance structures defined for random model

Covariance structures defined within terms:

Term Factor Model Order No. rows
Replicate.Sail Replicate Identity 0 7
Saoll Diagonal 2 2

Residual variance model

Term Factor Model(order) Parameter Estimate s.e.
Replicate.Sail Sigmaz2 1.000 fixed

Replicate Identity - - -

Sall Diagonal d1l 40.12 23.17

d2 6.950 4.012

_ . d_1 andd_2 are the diagonal
Deviance: -2*Log-Likelihood elements and represent the

two soil variances

Deviance d.f.
49.68 10

Note: deviance omits constants which depend on fixed model fitted.

Tests for fixed effects The F statistic is identical to tlsgjuare of the
Satterthwaite t test obtained £arlier:
Sequentially adding terms to fixed model Test statistic t = 2.69 on proximately/ 8.02d

K
Fixed term Wald statistic n.d.f. F statistic d.d.f. ’/ F pr
Soil 7.23 1 7.23 8.0 0.028

Message: denominator degrees of freedom for approximate F-tests are calculated
using algebraic derivatives ignoring fixed/boundary/singular variance parameters.
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C———————

Table of predicted means for Constant

7.429 Standard error: 1.2966

Table of predicted means for Soil

Soail Good_saoll Poor_saoll
10.914 3.943

Standard error of differences: 2.593
Approximate least significant differences (5% level) of REML means

Soil

Soil Good_ soil 1 *
Soil Poor_soil 2 5980 < Appropriate |.s.d. value

Note. If GenStat producessgma2 value that is not unity, thef 1 will be 1.000 andi_2 a

mul tiplier different gathna(multipbed GaluesTThegmae ar e Gen
parameterization is easily obtained by capturingribiéLline, copying it to a newnput

window and modifying theARAMETERIZATIONDOptioN:

REML [PRINT=model,components,means,deviance,waldTests; PSE=differences; \
PARAMETERIZATION=sigmas;MVINCLUDE=*; METHOD=ai; MAXCYCLE=20000] Fine_gravel
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Paired t testi special case of a onevay treatment design(in randomised blockg

Example 6 Sugar concentrations of nectar in half heads of red clover kept at different
vapor pressures for eight hours (fr&@teel and Torrie, page 103)

Heac 4.4 mm Hg9.9 mm Hc difference

1 625 51.7 10.8
2 652 54.2 11.0
3 676 53.3 14.3
4 699 57.0 12.9
5 694 56.4 13.0
6 701 61.5 8.6
7 67.8 57.2 10.6
8 67.0 56.2 10.8
9 685 58.2 10.3
10 624 55.8 6.6
mear 67.04 56.15 10.89
sd 2.82 2.72 2.22

This example is quite different to the previous two examples. In this case, we cannot place
the 10concentrations in any order in each column: theyareed The heads of red clover

are divided into half heads; one is randomly subjected to a vapor presguterah Hg the
other toa vapor pressure 89 mm Hg Each head of clover is likely to vary in gagar
concentration, and the only way to remove taigation is to take differences, and analyse
these in a one sampi¢est.

When we have more than two treatments in an experiment that is blocked in some way, then
we need to analyse the data usingan ANOFMAe st , setting up a fAbloc
Aitreatmento factor.

Firstly, in GenStat, paired t test data must be set up in separate columns for separate
treatments.

As a paired t test
Rov | Head | %4 4 um Hy | %9_9_um Hy |4\ A= S‘

1 62.5 1. 7| duailable Data: Test:
2 2 65.2 54.2| [Z4 4 om H Two-sample [paired) -
3 3 67.6 53.3

Head [ata Set 1: |5'é4_4_mm_Hg
4 4 69.9 57
5 5 69.4 55,4 Data Set 2 |ZE|_9_mm_Hg
A 6 70.1 61.5 Confidence Lirnit [Z]: ’957
7 ¥ 67.8 57.2

Type of Test
8 8 67 56.20 " One-sided (11 < p2)
9 9 6B.5 58.2 o " One-sided 11 > v2]
10 10 62.4 55.8 * Two-sided
Fun Optionsz... |
ﬁ | K Cancel | Defaults |
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C———————

One-sample t-test
Variate: Y[1].

Sample Size Mean Variance
VP_4 4-VP_9 9 10 10.89 4914

95% confidence interval for mean: (9.304, 12.48)

Standard Standard error
deviation of mean
2.217 0.7010

Test of null hypothesis that mean of VP_4 4-VP_9 9is equalto 0

Test statistict = 15.53 on 9 d.f.
Probability < 0.001

There is strongtatistical evidence (P<0.001) that the mean sugar concentration of nectar

differs inheads of red clover kept at different vapo

r pressures for eight hourke$he

estimatednean difference is 10.89%, and we are 95% confident that the true difféasnce

between 9.30% and 12.48%.

To analyse the data via ANOVA or regression, we must stack the data, and provide a factor
column to identify the various head (acting as blocks).

Paired t test as aone-way treatment design(in randomized blocks)

Rawr |! Vapor Iressure YHead | concentration ‘J E E ﬂi
- 24 : c2.2 Available D ata: Design: |Dne-wa}l AM YA [in A andomized Blocks). j
2 4.4 2 65.2
3 4.4 3 67. 6| |Vapar_Pressur YV ariate: [Concentiation Contrasts...

2 4 9.9 Treatments: IW
5 4.4 5 69.4
[ 4.4 & 0.1 Blocks: lr
7 4.4 T i i
. R ANOVA Options 3
9 1.4 9 Display
0 1.4 10 [w A0 Table [ Residuals [ Stratum Varances
11 9.9 1 [w Information [ Hew [ Cantrasts
12 9.9 2 [~ Effects [ Missing Values r J SR | |
13 9.9 3 W Means - r J Dl | |
14 9.9 4 [¥ F-probabilities
15 9.9 5 Standard Errors
16 5.9 & [v Differences [™ Means
L 9.9 7 ¥ LSDs LSD Signficance Level (2} |5

Noticein the output that GenStat organizes the ANOVA into the two strata for this

experiment. Individual heads form the top stratum, and since these are not replicated (there is

no other fAhead 10 oR-valieloethigvariante rativ. €Epecodt her e

stratum is the AHeads.

Unit so stratum,

t hat

treatments (at randonifhese are replicated in a balanced way (each treatment occurs once in

each block).

Thus, the actual block structureHsad + Head.Vapor_Pressure Or Head.Vapor_Pressure (See
GenStatds synt ax Thafihatesor term has been dfopppdefrond thex )
Blocks structure, as GenStat always allows this final stratum to be ignored (it adds it for us).
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C————

Analysis of variance

Variate: Concentration

Source of variation d.f. S.S. m.s. V.I. F pr.
Head stratum 9 116.114 12.902 5.25
Head.*Units* stratum

Vapor_Pressure 1 592.960 592.960 241.32 <.001
Residual 9 22.115 2.457

Total 19 731.189

Message: the following units have large residuals.
Head 10 *units* 1 -2.14 s.e. 1.05
Head 10 *units* 2 2.14 s.e. 1.05

Tables of means
Variate: Concentration
Grand mean 61.60

Vapor_Pressure 4.4 9.9
67.04 56.15

Standard errors of differences of means

Table Vapor_Pressure
rep. 10
d.f. 9
s.e.d. 0.701

Least significant differences of means (5% level)

Table Vapor_Pressure
rep. 10
d.f. 9
l.s.d. 1.586

Estimated stratum variances

Stratum variance effective d.f. variance component
Head 12.902 9.000 5.222
Head.*Units* 2.457 9.000 2.457

Again, notice
+ the relationship betweehet-value of 15.53, and tHe-value 0f241.32(15.53= 241.32;

+ the samé-value P<0.001, though it is hard to see the similariRys so small;

+ the mean difference 87.04- 56.15= 10.89° 1.586, giving rise to the same confidence
interval
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C———————

Regression output

Remember that stest is just a special case of regression. There are two models to consider
when testing whether the vapor pressure treatment effect is zero.

Maximal model

Sugar concentratior overall mean+ Headeffect +Vapor pressureffect  + Error
Reducedmodel dropped
Sugar concentratior overall mean+ Headeffect + Error

Technically you need to run both models. The best estimate of error variance is obtained as
the Residual MS from the ANOVA of the maximal model. The effect of treatments over and
above that of blocks is obtained by subtracting the residual sums of squares from the two
ANOVAs; divide this by the change in degrees of freedom to obtain the Treatment MS. The
variance ratio is constructed as the ratio of the Treatment MS and Residfrainvithe

maximal model.

I n Ge rc&éranlinéarsRegression Option menu, the effect of block$lgads and
treatments\yapor pressurgcan be assessed by turningAe@aumulated.

Via regression

Row !?apor_Pressure He2a | concentration I"]
1 4.4 1 62. 51 4 ilable Data: Regrezzion:
.4 2 65.2 i - -

z 4 Concentration General Linear Regression

3 4.4 3 67.6 '.[ e L

2 : - v 3pd EEELINE Responze Y ariate: IW

5 1.4 5 69.4 bd aximnal bodel: |

& 4.4 6 70.1 todel to be Fitted: |Head+vapor_Pressure

7 4.4 7 = ~

z 1.1 P General Linear, Regression Options @@

Dizplay

9 4.4 9

10 13 1o v todel v Estimates
’ ¥ Summary v t-probability Options |
9.9 1 - .
i [+ F-probability | Fitted Yalues
13 8.9 2 [ Conelations W Accumulated Defaults |
13 9.9 3
[¥ Estimate Constant Term
14 9.9 4 .
Graphics

135 9.9 3 [ Plot Residuals

Regression analysis

Response variate: Concentration
Fitted terms: Constant + Head + Vapor_Pressure

Summary of analysis

Source d.f. S.S. m.s. V.I. F pr.
Regression 10 709.08 70.908 28.86 <.001
Residual 9 2211 2.457
Total 19 731.19 38.484

Percentage variance accounted for 93.6

34



/ S}ATS O Statistical Advisory & Training Service Pty Ltd

e

Standard error of observations is estimated to be 1.57.

Message: the following units have large standardized residuals.

Unit Response Residual
10 62.40 -2.04
20 55.80 2.04

Estimates of parameters

Parameter estimate s.e. t(9) tpr.
Constant 62.55 1.16 53.80 <.001
Head 2 2.60 1.57 166 0.132
Head 3 3.35 1.57 2.14 0.061
Head 4 6.35 1.57 4.05 0.003
Head 5 5.80 1.57 3.70 0.005
Head 6 8.70 1.57 5,55 <.001
Head 7 5.40 1.57 3.44  0.007
Head 8 4.50 1.57 2.87 0.018
Head 9 6.25 1.57 3.99 0.003
Head 10 2.00 1.57 1.28 0.234
Vapor_Pressure 9.900 -10.890 0.701 -15.53 <.001

Parameters for factors are differences compared with the reference level:
Factor Reference level
Head 1
Vapor_Pressure 4.400

Accumulated analysis of variance

Change d.f. S.S. m.s. V.I. F pr.
+ Head 9 116.115 12.902 5.25 0.011
+ Vapor_Pressure 1 592.961 592.961 241.32 <.001
Residual 9 22.114 2.457
Total 19 731.190 38.484

The default model producescanstant (the mean for vapor pressure 4.4) and a mean
difference 0f-10.89, labeledvapor_Pressure 9.900. This is highly significant, with &value
of -15.53, the same (apart from sign) as was produced by the ptastdTheAccumulated
analysis is the RCBD ANOVA, though it is an application of the general technique for
comparing a maximal and reduced model.

Notice also that 1.18 actuallythe s.e.m. and 0.701 the s.e.d..

LMM (REML) analysis of o ne-way treatment design inrandomizedblocks

Blocks ina field experiment are almost always treated as random factors, although it makes
no difference to the test of treatment means whether it is treated as fixed or raweomill
demonstrate this property later

In this case, the factatead is almost certainly a random facttweads were chosen from a

large number of heads, at random. GenStat assumed it to be rantt@ANOVA output,
producingvariance componesifor theHead stratum as well as théeads.Units stratum

35



O Statistical Advisory & Training Servicyy LIS)ATS

o

Estimated stratum variances

Stratum variance effective d.f. variance component
Head 12.902 9.000 5.222
Head.*Units* 2.457 9.000 2.457

Hence, for linear mixed models, we have:

Fixed Model: Vapor_Pressure.
Random Model Head + Head.Vapor_Pressure

(or Head/Vapor_Pressure, or for simplicity Head since GenStat adds an
error term for the lowest stratum if we omjt it

REML variance components analysis

Response variate: Concentration

Fixed model: Constant + Vapor_Pressure
Random model: Head + Head.Vapor_Pressure
Number of units: 20

Head.Vapor_Pressure used as residual term

Estimated variance components
Random term component s.e.
Head 5.222 3.096

identical to theHead stratum variance of the ANOVA

Residual variance model
Term Factor Model(order) Parameter Estimate s.e.
Head.Vapor_Pressure Identity Sigma2 2.457  1.158

identical to the Residual MS of the ANOVA

Deviance: -2*Log-Likelihood

Deviance d.f. . .
53.71 16 TheF statistic is identical

to the variance ratim the
ANOVA, as are df

Wald tests for fixed effects
Fixed term Wald statistic n.d.f. F statistic d.d.f. F pr
Vapor Vapour_pressure 241.32 1 241.32 9.0 <0.001

Table of predicted means for Constant
61.59 Standard error: 0.803

Table of predicted means for Vapor_Pressure
Vapor_Pressure 1 2
67.04  56.15

Means, s.e.d. and |.s.d. values are
identicalto those from the ANOVA

Standard error of differences: 0.7010

Approximate least significant differences (5% level) of REML means

Vapour_pressure

Vapour_pressure %4 4 mm_Hg 1 *
Vapour_pressure %9 9 mm_Hg 2 1.586
1 2
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Completely randomizeddesign (CRD), orone-way design(no blocking)

The data are from an experiment in plant physiology. Lengths of pea sections grown in tissue
culture withauxin present were recorded. The purpose of the experiment was to test the
effects of various sugar media on growth as measured by length.

Treatment structure: Single factor wittb levels: sugatreatments (including a control)
Block Structure: None 10replicates for all treatments

Example7  The effect of different sugars on length, in ocular urfit®©(114 = mm), of
pea sections grown in tissue culture with auxin present (Sokal & RBIf3

page 218)
Replicatg Control 2% glucose 2% fructose 1% glucose +1% 2% sucrose
added added fructose added added
1 75 57 58 58 62
2 67 58 61 59 66
3 70 60 56 58 65
4 75 59 58 61 63
5 65 62 57 57 64
6 71 60 56 56 62
7 67 60 61 58 65
8 67 57 60 57 65
9 76 59 57 57 62
10 68 61 58 59 67

In this experiment we have 50 pd@kzbelled 1 to 50yvith no blocking required. The potse
placed n a growth chamber, and the treatments
Design menu; notice that GenStat creates a factor coleers) with levels 1 to 50):

1 2 3 4 5
PRI s 4 a E . Control Control
Fow | Plotlo !Pots ! Sugar + 6 7 8 9 10
1 1 1|~ Control Control
11 12 13 14 15
z 2 2 4
Control
3 3 3 2 16 17 18 19 20
4 4 4 1 Control | Control
K 5 5 3 21 22 23 24 25
5 6 6 9 Control
26 27 28 29 30
3 B ? 1 Control
g 8 8 4 31 32 33 34 35
g g 9 1
10 10 10 5 36 37 38 39 40
11 11 11 1
41 42 43 44 45
Pots are numbered 1 to 50. Rando e
allocation of theControltreatment is —; 77 o a9 50
shown
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Data and analysis in GenStat

We firstly stack the data intoariatelabelledLength , and create an identifiéactor for the

Sugar treatments. It is much more sensible to use treatragst or treatmentevels where
possible. (Note that this can be done while stacking the data.) GenStat will always use labels
or levels in its output. You can see that GenStat replaces the identifying numbers with actual
labels.

Chooseone- and Two-way to obtain the basic CRD ANOVA; alternatively, choaaseral

Analysis of Variance anduse Pots atheBlock Structure. Notethat Geistat allows the final

stratum to be omitted, so you can, for this design, leavBlthe Structure blank. Notice that

we selected to output the 5% |.s.d. values. The s.e.(difference) is set as the default output; we
could also have chosen to oltéihne s.e.(mean). The (standardised) residual plot can be

drawn once the analysis is obtained: return toathetysis of Variance window, selecturther

Output, Residual Plots andStandardized.
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